
①
& 5 15.6 Spherica)/Cylindrical
Cylindricalareeasieooden
spherical cords are more important
· cylindrical words -

11

Uses polar cords (x,y,z)
for x and y, but z

keep zunchanged
"

1
y

Y ·

x = rLoSE
r
⑦

y
=Vsin & xΔ >X

z
=z

Idea:To Change variables of Int.

write Riemann Sum in terms of (r,8,2)



z ②
A
-> rΔA

Or
Cpoo

-> start with D in (x,y,) coords

- Discretize in (1,8,z) 08:APa
An =8.<F,(00r (QN

=0b N

Vy-Va
Va =p((,c...crw

=

rb ΔV =

-

N

za
=z, 47, 4... <zN =

zbΔz =zza
N

Express Riemann Sum in (r,8,Z)



z ③
A

zz
- rΔA

too:J D. =0a

I=SCS f(x,,t) dv iteaslimiteinem
D

=
lim f(xi,5; Zn)0x800Z

N->Δ(X; 7;2n) -D

= lim[f(ECOSFi, isinA;,Zn) ANUANZ
N->W(r8jEn) +DrAz Ampnfication



z ④
A

rΔA

:
AXYVZ =CV = A ΔODOZ

n

·mificationfactor ⑨
for volume

To getthe amplification factor

for Volume, blow up the

rectangle 1V*0Z.0.



⑤

visionor
S, Δr

2
Δ8

Conclude from the germetry:
Δx0y8z

=

ΔVwMΔr0ANE

Amplification
factorr

We say: dxdydz=dv =UdudAdz



⑥
Conclude:

SSS f(x,8,Z) dv

Dxyz

=>
lim[f(Xi];Zn) 0x0yWZ
N-S(XiD;*n) +Dxyz

- lim [f(riLOSAi,rising, ,En) BAVAΔZ
N -N

(FA;Zn) <Praz ~A
(Riemann Sum in (18,z))

= SJS f(rcosA, vsinG, Z)UdudAdE
ma

DrAz dA=dXdydz



⑦
the Cylindrical coordinates

SSS f(x,y,z)dVxyz
Dxyz
=SSSfriosA,using,E) rdVrAE

Draz

If the boundaries line up

nicely enough, you can
iterate the integral to

get an exact we



Eg

spit
1 fa z =h,(r,A)

SSS f(x,y,7) dv
=SSS f(r,8,7) r dudOd

DrAz

Ab G(A) h,(r.A

f(ULOSE, vsinA, z)rdZdUdA= S J Sh.criesDr G,(A)



* same idea different ⑨

geometry for spherical
coordinates

· Spherical Coordinates:

A
&

v = s sing ZitI
D

(x,y,z)

x =U COSA

y =rsing
(X,y)

>X

x=gcosPlsin
ene Q: what is the

y =5 SinA sinG amplificationI factor fou
volume



· Q:What is A ⑩

dxdydz = AdSdYdA
m

·mplificationin
volume

We get afrom geometry:
2df

sanso
= Ede!!
↑2i-> 2

dA rdA

dxdydz=rg d5d0dA = inq dededA
A



theorem Spherical Coordinates-

SSSf(x,6,z)dV
Dxyz

= SSSFCs, 0, 0) esinG dsdedAm

DSOA A =8sing

F(s,3,5) =f(x,y,z)
no

(SCOSAsind, I sinAsinc, ScOSY)



For simple enough functions with
simple enough geometry you can

↑

get an exact value by iterating
the integral...



①Example:Find the volume of
the ice-cream shaped come D

cut from 541 by cone :y3
z

#In:F =SSS1odv

2+/,D

O 8
-

= J//ssingdedidA

soidid I'deda
0

= 1(- cos]dA =5.t.243
m

- (0S + (S0 =-i+1 =



② Iterate (but don'tevaluate) ⑭

the integral I =SSSf(r,8,Z) dv
D

where D is the region bled

below by plane z =0, laterally
by the circular cylinder
x
+(y-1)=) and above by

paraboloid z = x+y

x+ (1-1)
=

=1 circle center
(x,y)=(0, is

z =x
+y- parabaloid& 19

nz

4V >9
(0,9)

>
>X



x2+ (y-1)
=

1

Graph:
⑮

z =x
+yz

zA
i
z =xxyz

#r2

z=r2Soa >y to p

F >X

x
-
+y

=
- zy +1 = X

rx =2y =2yc0s&

v =210S* 8 [D π

If positrf (r, A,7) rdadA#



⑨ 516.7 general coordinate ⑯

transformations-

· We used the geometry of

polar/cylindrical/spherical coord

transformations to get the

amplification factor
for areavolume

Polar: dxdy =rdrdA

Cylindrical: Axdydz=rdrdadz

Spherical: dxdydz=singdedd.dA
· How does it work

in general?
3D

2.D
X =g(n,v,v)

x =g(u,v)
or y =h (n,v,w)

y =h(n,u) k =k(n,v,k)



· compare with the re ⑰

substitution principle of MathzlB
Hb b =g(ub)

I =f4f(X)aX =5f(G(n)) gul on the
x =g(u)

a =g(0a)
mm

A

dx =(v)dr

Amplificationengthfactor
A =g(u)

Picture:

m =g((u) =dx" x
=g(n) .

ax~↓
dx =g'(n) du : ang(u) =d*u
ne

A i u



· Consider 2-dimensions ⑱

I =$S f(x,y)dxdy
Rxy x =g(n,v)

Theorem : y
=h(n,v)

-

-

SSf(x,y) dxdy
Rxy

-S/f(g(n,H,h(n,v)) Adndv

Rav

A =det/angv =det re
= 9h - g.hn



Ex Check Polar Coordinates:

x =r(0SF
=g(r, A) u

=V

y
=vsinA = h(r,*) v

=0

-g =(28,29) =(OSA, - Usingand

Ph =(oh, zh) IsinA, rcos

A =det)
-89
-

↓ =Det 1
COSO-rsinA

1- Th - sind ros

gahv gv hu

=(OSA) (rcosA)-C-rsinA)(sin*)
= OcosA+rsiniA =r(cos+sinA

=r



· Summary mif(g(0,v),h(v,x)%

2-D:SSf(x,y) dxdy
=SSF(nv)].Adr

Rxy dAxy pRuv ↑ dAny

x
=g(u,V) det/gugv
y =h(u,v)

3-D:J/C f(x,35)dAxz=SSSF(G,v,w)/=.08 dAnrw
-7k-

Dxzz ↑ Darw ↑

x =g(n,v,w) In Irgw

y
=h(y,vw)

def Ihuhosw
z

=k(u,v,w) knkv kw


